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Fig. 1 Wedge configuration of the hull bottom. A 10°
deadrise angle is assumed for each wedge, and the corre-
sponding chine height is adjusted to comply with the half-

breadth

are adjusted using the actual beam of the capsule. This re-
tains the circular section in planform. The thickness of the
wedges is reduced in the areas near the points of initial impact
to decrease the effect of immersion of an individual wedge.

It will be noted, when considering Figs. 2 and 3 that, al-
though the peak values have been attained satisfactorily, the
acceleration onset rate lags the experimental results. This
characteristic is inherent in the prediction, since a fixed dead-
rise angle, independent of immersion depth, is used. The
fixed deadrise angle (10°) should be employed as a lower limit,
since the theoretical results, using the Wagner coefficient for
wedge impacts, are uncertain for smaller angles.

The steps in the curves are caused by the abrupt immersion
of a finite wedge element (rise) and the abrupt immersion of a
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chine (drop). This effect can be reduced by a finer subdivision
of wedges.

It must be noted that the method should be used primarily
as a first approximation, basically for design purposes. When
used in this way, the value of the procedure is evident. Any
advances in the technique to increase accuracy must be ac-
companied by considerable theoretical advances in the field of
either wedge immersion or immersion of other shapes.
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Class of Exact Solutions of
Nonisentropic, One-Dimensional

Magnetohydrodynamic Flow

ROY M. GUNDERSEN*
Illinois Institute of Technology, Chicago, III.

WITH a suitable choice of dependent variables, problems
in one-dimensional unsteady gasdynamics may be re-

duced to finding solutions of a particular Monge-Ampere
partial differential equation.1' 2 If the particle paths and iso-
bars coincide, this technique fails, so that an alternative pro-
cedure must be employed. This particular class of flows
was the subject of a recent paper by Weir,3 and it is the pur-
pose of the present paper to show that Weir's discussion may
be extended to magnetohydrodynamic flows subjected to a
transverse magnetic field and that the resultant solutions
reduce, in the limit of vanishing magnetic field, to those
obtained by Weir.

The one-dimensional unsteady motion of an ideal, inviscid,
perfectly conducting, compressible fluid subjected to a
transverse magnetic field, i.e., the induction B = (0,0,B), is
governed by the system of equations4

Pt + pux + pxu = 0
p(ut + uux) + Px + BBx/n = 0

Bt + uBx + Bux = 0
St + usx = 0

P = exp[(s - s*)/cv]p-r

(1)
(2)

(3)

"(4)

(5)
where p,^,P,s,s*,ju,62 = #2/MP> and 7 are, respectively, the
density, particle velocity, pressure, specific entropy, specific
entropy at some reference state, permeability, square of the
Alfven speed, and ratio of specific heat at constant pressure
cp and at constant volume cv. Partial derivatives are de-
noted by subscripts, and all dependent variables are functions
of x and t alone.

The characteristics of this system are given by

dx/dt = u, u + co, u — co (6)

where co = [62 + c2]1/2, the true speed of sound, is the limiting
case of a fast wave, and c is the local speed of sound. Fur-
ther, p[dx — u dt] is the exact differential of a function \[/,
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such that \[/ equated to a constant defines the particle paths.
From its definition, ^ satisfies the equation

= 0 (7)

If it is assumed that P = P($), it follows from Eq. (7)
that

Pt + uPx = 0 (8)
Since P, p, and s are related by some equation of state, Eqs.
(4) and (8) yield

Pt + uPx = 0 (9)
so that Eq. (1) reduces to

pux = 0 (10)
and u = u(t) alone, say

« = -/'« (ID
From Eqs. (3) and (10), B satisfies the equation

Bt + uBx = 0 (12)
Thus it is seen that J5,P,p,s, and \f/ all satisfy the same partial
differential equation. Further, no explicit assumption of an
equation of state has been made in the derivation to this point,
and this class of flows may be generated from the single
assumption B = B(\f/).

By substituting Eq. (11) into Eqs. (4, 7-9, and 12), it is
seen that s,\l/,P,p, and B are all functions of y == x + /(£).
Equation (2) may be written as

-P/"(0 + (dP/dy) + (B/r)(dB/dy) = 0 (13)
Since P and B are constant along a trajectory, Eq. (13)
reduces to f"(t) = 2A, where A is constant, and this gives
f(t) = At2 + Ait + A2. With no loss of generality, Az may
be taken as zero, and, if u(Q) = UQ, it follows that u(t] =
— 2At + uQ, and the trajectories are given by

y = x + f(£) = x + At2 - not = const (14)
i.e., a family of coaxial parabolas.

From the definition of if/, d-ty = pdy, so that from Eq. (2)

(15)
and since p is constant along a trajectory, Eq. (15) may be
integrated to give

with some constant a. Thus, there is the result.
There exists only one possible case in which P = P(^), or,

equivalently, B = B($). Therein, P + £2/2ju is a linear
function of ^; u is a linear function of £; and the trajectories
are parabolas.

For a poly tropic gas [Eq. (5) ],

(16)
p (d/dy)[P + (

ZAyP
(d/dy)[P

For the particular class of flows under consideration, the
characteristics [Eq. (6)] are given by the trajectories and
the curves dx/dt = u ± co, i.e.,

dy/dt = (17)

with the solutions

one initial condition, e.g., s = s(\l/) or P = P(x) at t — 0, the
solution may be determined uniquely.

Example 1: Isen tropic Flow with. B = Constant
If Eq. (5) is written as P = Kpt with a constant K, it

follows from Eq. (15) that

2Ay = / dP

so that
P =

From Eqs. (15) and (19),
p =

(19)

i) (20)

Thus, c2 = 2Ay and o>2 = 2Ay + B2/np, where p is given by
Eq. (20). Thus, if it is assumed that UQ = 0 and u = — 2 At,
thenc2 =

Example 2

Assume that the initial condition (P + £2/2ju) = (Po +
BQ

2/2^) exp(mx), with P0, 50, and m constants. Then it
follows that (P + £2/2ju) = (Po + B^/2^) exp(my) through-
out the flow, and, further,

P = {w[P0 + BQ
z

c2 = 2AyPQ/m[PQ

Thus, the speed of propagation of small disturbances is con-
stant. If it is assumed that MO = 0, then u = — 2 At, and the
trajectories are given by x + At* = const. The F+ and r_
characteristics are given by

x + At2 = ± {
[m(P0 + £0

2/2M) ] } Il2t + const
Graphs of these characteristics are given in Weir's paper.
Finally, the entropy distribution is given by s = cvm(l —
y)y + const. In this example, the entropy gradient causes
the sound speed to remain constant.

Example 3

Assume that P = ay, £2/2/z = &y. Then
P = (a + ]8)/2A c2 = 2Ajay/(a + 0)

+ 2/3)/(a + 0)

so that the density remains constant. The characteristics
are given by

t = ±[2(a + j8)(x + AZ2)M(2/3 + 7a)]1/2 + X (21)

where X is a constant of integration; thus it is seen that the
T+ and F_ characteristics are given by the same family of
parabolas, viz.,

Aa(y - 2)£2 - - 2(a +
A(2/3 + = 0 (22)

If the equation of state is prescribed, e.g., Eq. (5), and also

The envelope of Eq. (22) is x + At2 = 0, so that the con-
clusion in this case agrees with that obtained by Weir, viz.,
Eq. (21) implies that the point at which any member of the
family given by Eq. (22) touches the envelope is also the
point that divides that part of a curve representing a T+
characteristic from that representing a F_ characteristic.
Since this example deals with a gas expanding into a vacuum,
and x + At2 = 0 is the particle path through the origin, it
must be the front of the expanding gas. Thus, this gives
another example where a F_ characteristic meets a gas front
at a tangent and is reflected off as a F+ characteristic. This
occurs because the slopes of the F+ and F_ characteristics
are the same at the front, since co = 0 there. A sketch of the
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characteristics is given in Weir's paper. Finally, the en-
tropy distribution is given by s = cv logy + const.

References
1 Martin, M., "A new approach to problems in two dimensional

flow," Quart. Appl. Math. 8,137-150 (1950).
2 Von Mises, R., Mathematical Theory of Compressible Fluid

Flow (Academic Press Inc., New York, 1958), p. 231.
3 Weir, D., "A family of exact solutions of one-dimensional

anisentropic flow," Proc. Cambridge Phil. Soc. 57, 890-894
(October 1961).

4 Friedrichs, K., "Nonlinear wave motion in magnetohydro-
dynamics," Los Alamos Kept. 2105 (1957).

Final-Stage Decay of a
Single Line Vortex
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I, Vortex Generation and Decay

THE generation of a circulatory flow field by a vortex core
of radius rff was studied by Goldstein.1 The differential

system governing the fluid motion is

cto _ /o2v 1 dy _ v\
bt = V Vbr"2 r dr ~ r2/

a)
2 > 0: r

and has the solution

V<r ,

rgj v = vg] r — <», v — 0

f°Jo exp(—^x2)
F,*(aT.)

dx
x ( '

The limiting case of a vanishing core radius but finite center-
line circulation T0 was shown by Rouse and Hsu2 to reduce to
following form:

v = (Tg/2irr) (3)

This corresponds to the vorticity diffusion from a line vortex
of strength Fff, i.e.,3

f = (Tg/4:Trvt) exp(—r2/4^) (4)

Thus the generation of a circulatory flow field by a vortex
core is through vorticity diffusion, and, with finite tune of
generation, the velocity field so generated has limited ex-
tent. Moreover, such a velocity field is never and nowhere
free of vorticity. Indeed, a potential flow never can be
generated by a shear mechanism alone in finite time; it only
represents a limit solution for t -> ». Thus, as t —> », Eq.
(3) describes a potential flow.

The spatial growth of velocity field and the time decay of
kinetic energy of a viscous vortex after a generation period
tg can be studied simply by introducing, at t = tg, an anti-
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circulation along the centerline. By simple superposition,
one readily can write down the following result:

— r2

v = — exp
2irr L ± - exp -V (5)

This is indeed nothing else but the solution to the well-known
Rayleigh "start-then-stop" problem for a circulatory flow
field. The eatching-up process between these two outward-
propagating, oppositely orientated velocity fields results in a
gradual annihilation of the momentum and a continuous
decay of the kinetic energy of the flow field.

Equation (5) describes the velocity field of a viscous vortex
at time t& after its generation. It is clear that this flow field
has not only limited spatial extent but also finite energy
content.

Writing A = Tg, a = 4vtd, k = 1 + tg/td, Eq. (5) can be
put in the form

v = - exp(-r2/a)] (6)

It is easy to see that constants A, a, k can be used to define
an initial vortex field, provided that k is not taken too close
to unity. The parameter k indeed fixes the age of the initial
vortex field; for td/ta-*- 0, k—> », and for Id/to-*- », k-> 1.

A, a, k can be related further to the measurable field char-
acteristics r0, TO, fo as follows: defining r0 as the initial
radius of maximum circulation F0 (F = 2irrv), i.e., for

br 2Ar——
1 _rs

k ka = 0

(7)

(8)

one has

r0 = {[W(& -
Fo = A(k -

Now, vorticity is given by

. I d , . A f . -r2 -r2\f = - — (w) = -r- ( & exp—— - exp-^— 1r or irka \ a ka J
so, putting r = 0, one has for the centerline vorticity

fo = (A/irka)(k — 1)
For a particular set of A, a, k (or initial values r0,?o,F0),

the subsequent velocity field now can be put in the form
A / — r2 —r2 \

v = — ( exp——-—— - exp——-— ) (10)2irr \ ak + kvi a + 4vt/

The vortex-core radius rc (r = rc, dF/dr = 0) readily can
be obtained as follows :2

(9)

rc
2 = a (fc +

k - 1
+ 4:vt/a), k + 4vt/a ,_, ̂ .————— In , (11)L 1 + wt/a

The kinetic energy per unit length of vortex is given by
an integral:

/• 00

E = TTO I v^rdr —Jo
pA2 /*«> !_
STT Jo r2

Upon introducing the identity
/• 00/ , '

one obtains2

(*

N / MO x
-ps) - exp(-g:r)]2 — = +

_
STT (12)


